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We construct an algebraic description for the ground state and for the static response of the
quantum Hall plateaux with filling factor ν = N/(2N + 1) in the large N limit. By analyzing the
algebra of the fluctuations of the shape of the Fermi surface of the composite fermions, we find the
explicit form of the projected static structure factor at large N and fixed z = (2N + 1)q`B ∼ 1.
When z < 3.8, the result does not depend on the particular form of the Hamiltonian.
Introduction.—The most striking property of two-
dimensional electron gas in a strong magnetic field is its
ability to form nontrivial topologically ordered gapped
states—the factional quantum Hall (FQH) states [1]. De-
spite the numerous approaches, starting from the Laugh-
lin wave function [2], that have been brought to bear on
the problem, many important properties of the quantum
Hall systems are still beyond theoretical control of ana-
lytic approaches. These include the spectrum and disper-
sion of quasiparticle excitations, the structure factors [3],
the electromagnetic and gravitational response at finite
wave number and frequency.
Generally, quantities that are not topologically pro-
tected should depend on the details of the system un-
der consideration, e.g., the form of the electron-electron
potential. A few exceptions have recently been found,
suggesting that under some additional assumptions (e.g.,
rotational invariance), some physical quantities are pro-
tected by a combination of topology and symmetry. For
example, the q2 correction to the Hall conductivity is re-
lated to the shift [4]. It has also been argued that for a
class of chiral states and their particle-hole conjugates,
the first two terms in the small-q expansion of the pro-
jected static structure factor are uniquely defined by the
filling factor, the shift, and the central charge [5–7]. On
the other hand, it seems that the higher terms (in q) of
these quantities are not universal, i.e., not determined
solely by topological characteristics of the quantum Hall
state.
In this paper, we consider a regime in quantum Hall
physics where the full momentum dependence of the
projected static structure factor, i.e., all terms in their
momentum expansion, can be determined in a reliable
fashion. The projected static structure factor is an im-
portant property of the quantum Hall ground state [3].
We consider here quantum Hall plateaux at filling fac-
tors ν = N/(2N + 1) and their particle-hole conjugates
ν = (N + 1)/(2N + 1) (the Jain sequences). The limit
being considered is that of large N , N  1, and fi-
nite z = (2N + 1)q`B ∼ 1, where q is the wavenum-
ber at which the system is probed, and `B is the mag-
netic length. The latter condition z ∼ 1 corresponds to
wavelengths comparable to the cyclotron radius of the
composite fermion, which diverges when the filling factor
approaches ν = 1/2. We will see that the momentum
expansions of physical quantities are in fact series expan-
sions over z. We will argue that equal-time) structure
factor [3] can be computed to all orders in the expansion
over z. Our result for the projected structure factor can
be written as
s¯(q) =
N + 1
8
(q`B)
4 4J2(z)
zJ1(z)
, (1)
with
z = (2N + 1)q`B . (2)
The result is valid as long as z < z1, with z1 ≈ 3.83 be-
ing the first zero of the Bessel function J1. For z > z1,
s¯(q) cannot be predicted without knowing precise form of
the Hamiltonian. The divergence of the static structure
factor at z = z1 signals the approach of the first mag-
netoroton minimum [8], and at finite N this divergence
should become a maximum of s¯(q).
We will argue that the result (1) is valid to the lead-
ing order in 1/N in the scaling regime qN ∼ 1. We will
also present the indication that, for short-range electron-
electron interaction, the result is also valid to next-to-
leading order in 1/N , so the correction to Eq. (1) is sup-
pressed by 1/N2.
Algebra of shapes.—Our understanding of the quantum
Hall effect near half filling is based on the concept of the
composite fermion [9–13]. In this paper, we use the mod-
ern, revised version of the composite fermion field theory
compatible with particle-hole symmetry [14]. In this the-
ory the composite fermion is a massless Dirac fermion
with a pi Berry phase around the composite Fermi sur-
face, and the emergent field has no Chern-Simons term
in its action. It has been suggested that the emergence of
the Dirac composite fermion is a manifestation of a more
general fermionic particle-vortex duality [15, 16].
Furthermore, following Refs. [8, 17], we will interpret
the low-energy excitations of the Dirac composite Fermi
liquid as fluctuations of the shape of the composite Fermi
surface. At each point in spacetime, the latter can be
parametrized, in polar coordinates in momentum space,
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pF (θ) = p
0
F +
∑
n
e−inθun. (3)
The scalar fields un satisfy nontrivial commutation rela-
tions [18],
[un(x), un′(x
′)] = 2pi
(
nbδn+n′,0
− iδn+n′,1∂z¯ − iδn+n′,−1∂z
)
δ(x− x′). (4)
Here we have taken the external magnetic field B = 1,
so the magnetic length `B = 1 [19]. The average ef-
fective magnetic field felt by the composite fermion is
b = 1/(2N + 1) [20]. The kinetic equation of Landau’s
Fermi liquid theory at zero temperature can be repro-
duced by commuting un with a Lagrangian local in un,
using the commutation relations (4).
In the case of the composite fermion of the frac-
tional quantum Hall states, the coupling of the composite
fermion to a gauge field leads to the freezing of u0, u1,
and u−1, corresponding to the density and currents of
the composite fermions. This can be seen most clearly if
one assumes that the gauge field aµ has no kinetic term.
This case extremization of the action with respect to aµ
the vanishing of the composite fermion density fluctua-
tions and current, and so of u0 and u±1. We will argue
later on that the presence of a kinetic term for aµ only
affects our calculations to subleading orders in 1/N .
Eliminating u0 and u±1, we see that in Eq. (4), the
only nonzero commutators are between un and un′ with
indices n and n′ having opposite signs. We can rewrite
this equation as
[un(q), u−n′(−q′)] = Cnn′(q)δqq′ n, n′ ≥ 2, (5)
where Cnn′ is a tridiagonal matrix given by
Cnn′(q) = 2pi (nbδn,n′ + qz¯δn,n′+1 + qzδn,n′−1) , (6)
or
C = 2pi

2b qz 0 0 . . .
qz¯ 3b qz 0 . . .
0 qz¯ 4b qz . . .
0 0 qz¯ 5b . . .
. . . . . . . . . . . . . . .
 . (7)
Canonical pairs.—At q 6= 0, the commutation relation
between un does not have the canonical form. To bring
it into the canonical form, one performs a unitary trans-
formation
vn(q) =
∞∑
m=2
Unm(q)um(q), (8)
so that
[vn(q), v−n′(−q′)] = C˜nn′(q)δqq′ , (9)
where C˜nn′ is now a diagonal matrix with coefficient{
2pi
2N+1λn, n = n
′,
0, n 6= n′. (10)
Here λn [21] are the solutions to the characteristic equa-
tion
(m− λ)bxm + qz¯xm−1 + qzxm+1 = 0, m ≥ 2. (11)
Without losing generality we can take qx = q, qy = 0.
The solution to the recursion relation (11), for m ≥ 3 is
xm = (−1)m[αJm−λ(z) + βYm−λ(z)], z = q
b
. (12)
In order for xm to decrease at m → ∞ we have to set
β = 0. Then Eq. (11) is satisfied for m = 2 only when
J1−λ(z) = 0, z = (2N + 1)q. (13)
This equation determines the eigenvalues of the matrix
C. When z is smaller than the first zero of the Bessel
function J1, z1 ≈ 3.8, all solutions to Eq. (13) (as an
equation for λ) are positive. In this case, one can de-
fine the creation and annihilation operators an and a
†
n as
follows
an =
√
2N + 1
2piλn
vn , a
†
n =
√
2N + 1
2piλn
v−n . (14)
The commutator of an and a
†
n now has the canonical
form,
[an(q), a
†
n′(q
′)] = δnn′δqq′ . (15)
In contrast, when z > z1, some of λn are negative. For
these eigenvalues, v−n should be interpreted as an an-
nihilation operator (v−n ∼ an), while vn is a creation
operator (vn ∼ a†n).
Hamiltonian.—In order to find the ground state one
needs a Hamiltonian. We will argue later it is sufficient
to consider a Hamiltonian quadratic in un,
H =
∑
q
∞∑
m,n=−∞
hmn(q)u−m(−q)un(q). (16)
Due to rotational invariance hmn ∼ q|m−n|. Since q ∼
1/N . This means that, to leading and next-to-leading or-
ders in 1/N , the only nonzero elements of hmn are those
with m − n = 0 or ±1. In particular hmn = 0 when m
and n are of opposite sign: the first term in the Hamil-
tonian of this type is h−2,2u2u2, where h−2,2 ∼ q4 and is
suppressed by a high power of 1/N . We thus will assume
that hmn are nonzero only when m and n are of the same
sign. This turns out to be the only information about the
Hamiltonian that we will need.
One can transform H to be a quadratic form of an,
H =
∑
q
∞∑
m,n=2
Hmna
†
m(q)an(q). (17)
3The spectrum of excitations then can be obtained by di-
agonalizing the matrix Hmn. The ground state is the
state that is annihilated by the an,
an|0〉 = 0. (18)
For (2N + 1)q < z1, this means vn|0〉 = 0, which also
means that
un|0〉 = 0. (19)
Charge density.—Now we continue with our discussion
of the density operator. In the composite fermion field
theory, it is identified with the magnetic field of the emer-
gent gauge field: δρ = −δb/(4pi) [14, 22, 23]. We need to
relate b to un to make further progress. To do that, first
we note that the equation of motion for u1 is [23, 24]
u˙1 = ez¯ + i[u1, H] = ez¯ − 2pi∂z δH
δu2
, (20)
with ei = ∂ia0−∂0ai. Physically the term ez¯ comes from
the acceleration of the composite fermion moving in an
emergent electric field. Setting u1 = 0 we obtain
ez¯ = 2pi∂z
δH
δu2
. (21)
Analogously
ez = 2pi∂z¯
δH
δu−2
. (22)
We will combine Eqs. (21) and (22) with the Bianchi
identity,
δb˙+ 2(∂zez¯ − ∂z¯ez) = 0, (23)
to find δb. This seems to still require the knowledge of
the Hamiltonian. We now show that this is not true,
and we can express b in terms of un without knowing the
explicit form of the Hamiltonian. We now note that the
equation of motion for un, with n ≥ 2, is
u˙n = −i[un, H] = −i[un, u−m] δH
δu−m
, (24)
In this and subsequent equations, the indices n, m runs
from 2 to ∞ and summation over repeating indices is
implied. In momentum space,
un(q) = −iCnm(q) δH
δu−m(−q) . (25)
Inverting this equation, we can write
δH
δu−n(−q) = iC
−1
nm(q)u˙m(q), (26)
where C−1nm are the elements of the matrix inverse of C.
Analogously we find
δH
δun(−q) = −iu−m(q)C
−1
mn(−q). (27)
This allows us to write ez¯ and ez as
ez¯(q) = −2piqzC−12m(q)u˙m(q), (28)
ez(q) = 2piqz¯u˙−m(q)C−1m2(−q). (29)
Substituting this equation into the Bianchi identity (23)
and integrating over time, we then find the density of
electrons in terms of the shape fluctuations
δρ(q) = −q2zC−12m(q)um(q)− q2z¯u−m(q)C−1m2(−q). (30)
As an example, consider the regime of very small q, z 
1. In this regime the only nonzero component of C−1 is
C−122 = (4pib)
−1, and Eq. (30) becomes
δρ =
2N + 1
4pi
(∂2zu2 + ∂
2
z¯u−2). (31)
This matches with the result found in in the bimetric the-
ory of the nematic phase transition [24, 25], where u±2
are identified with two independent components of a uni-
modular dynamical metric [26, 27] and δρ is proportional
to the Gaussian curvature constructed form this metric.
We can now use the equation just derived to find the
equal-time correlation of the density, 〈δρδρ〉. Note that
if q is such that (2N + 1)q is smaller than the first zero
of the Bessel function J1, the ground state is annihilated
by un with n > 0: un|0〉 = 〈0|u−n = 0. From that we
find
〈δρ(q)δρ(−q)〉 = q
4
16
C−12m(q)[um(q), u−l(−q)]C−1l2 (q)
=
q4
16
C−122 (q). (32)
To find C−122 , one needs to solve the equation Cnmxm =
δn2 and read out x2. Using the same technique which we
used to find the eigenvalues of C, we find
C−122 (q) =
1
4pib
4J2(z)
zJ1(z)
. (33)
The result is then
〈δρ(q)δρ(−q)〉 = (2N + 1)q
4
64pi
4J2(z)
zJ1(z)
. (34)
Finally, after dividing by the density of electrons, we
find the projected structure factor (neglecting sub-sub-
leading terms in 1/N)
s¯(q) =
(N + 1)q4
8
4J2(z)
zJ1(z)
. (35)
Note that this form of s¯(q) has been found previously
near a nematic phase transition [24]; here we have demon-
strated that this formula is valid in general.
Discussion of the result.—We now expand s(q) at small
q,
s¯(q) =
N + 1
8
q4 +
N2(N + 2)
48
q6 + · · · (36)
4The q4 coefficient of the static structure factor s¯(q) =
s4q
4 + s6q
6 saturates the Haldane bound [26]
s4 ≡ lim
q→0
s¯(q)
(q`B)4
=
|S − 1|
8
, (37)
where S is the shift [28, 29], which is equal to N + 2
for the state under consideration. The saturation of Hal-
dane bound was derived earlier for a large class of trial
states [30, 31]. However, Jain’s sequences do not belong
to those states, so the saturation of the Haldane bound is
a nontrivial fact. Note, however, that Jain’s states share
with the states considered in Ref. [30, 31] the property
of chirality: all edge modes propagate in one direction.
We now consider s6. Little is know about the con-
straints on s6. In contrast to s4, there is no constraint
analogous to the Haldane bound for s6. Nevertheless,
in Refs. [5–7] it has been argued that for certain chiral
states (including the Laughlin and Pfaffian states), s6 is
completely determined by topological characteristics of
the quantum Hall state. Extending the result of Ref. [5–
7] to states where the composite fermions fill multiple
Landau levels, one finds [25]
s¯6 =
1
8ν
(
νvar(s) + νς2 − νς + ν − c
12
)
, (38)
where ς is the guiding center orbital spin of the composite
fermion and var(s) is the orbital spin variance [32]. For
the Jain’s state with ν = N/(2N + 1), only the first
two terms contribute to leading and subleading orders
in N : νvar(s) = 112N(N
2 − 1) and ς = 12 (N + 1), so
s¯6 =
1
48N
3(N + 2), in agreement with Eq. (36).
Equation (35) can also be obtained from the dynamic
structure factor in a direct but not very illuminating
manner. We have performed a (rather cumbersome) cal-
culation of the dynamic structure factor by using the
equations of motions for un in a theory with H having
the form (16) with the diagonal elements given by the
Landau parameters in the presence of a space- and time-
varying external scalar potential A0. We confirm that
the dynamic structure factor has a complicated structure
with an infinite number of poles corresponding to an infi-
nite number of neutral excitations. After integrating over
frequency, we find [33] that, rather miraculously, the in-
finite sum over residues can be taken exactly for z < z1,
the Landau parameters drop out, and the result matches
with Eq. (35) [34].
Sources of corrections.—In our treatment we have set
u0 and u±1 to zero, which means that we have as-
sumed the absence of the kinetic term for aµ in the La-
grangian. One source of corrections to the result (35) is
the kinetic term of aµ. In the Dirac composite fermion
theory the Chern-Simons term for aµ is forbidden by
particle-hole symmetry, and for short-ranged electron-
electron interaction the kinetic term appears first at order
(∂iaj)
2 ∼ N−2a2 when q ∼ 1/N . In contrast, the loop
FIG. 1. One-loop contribution to u self-energy.
induces a term ωq a
2. The regime we are interested in is
q ∼ 1/N and ω ∼ 1/Nz, where z is the dynamic critical
exponent of a fermion coupled to a U(1) gauge field (up to
three loops z = 3/2 [35], but the result may be changed
in higher loops [36]), so the fermion-loop induced term
is ∼ N1−za2. The bare term is suppressed by N3−z rel-
ative to the fermion loop contribution. Assuming z < 2
the kinetic term for aµ can be neglected without affecting
the result to leading and next-to-leading orders in 1/N .
We now try to estimate corrections due to interactions
between the modes un. A treatment of this technically
difficult problem is deferred to future work. We can,
however, make the following observation. The action for
un can be expected to have the form
L ∼ Nu∂tu+ 1
Nz−1
(u2 + u3 + u4 + · · · ). (39)
Here the N dependence of the coefficient of the u∂tu is
dictated by the commutation relations (4), that of the u2
term is determined by the energy gap, which is expected
to be O(N−z), and the coefficients of the interactions
terms (u3, u4) come from the assumption that nonlinear
effects in energy appear when u ∼ 1. We need estimate
the magnitude of the loop diagrams. There are two one-
loop contributions to the u self-energy.
First, internal lines with energy much larger than the
gap (N−z) simply lead to renormalization of the low-
energy effective theory for un. Thus, it is sufficient to
limit oneself to O(1) number of internal modes with the
energy of order the gap. Second, we can restrict ourselves
to internal momentum where non-Fermi liquid effects are
expected to be important. At energy scale ω this occurs
for q . ω1/z, in our case, q ∼ N−1/2. The first diagram
in Fig. 1 then is of order(
1
Nz−1
)2∫
dω dq
(
Nz−1
)2 ∼ 1
Nz−1
1
N
. (40)
This is by a factor of 1/N2 smaller than the inverse bare
propagator for u. Analogously, the second diagram in
Fig. 1 can be estimated in the same way to be suppressed
by 1/N2.
When the interaction of the electron is not short-
ranged, but Coulomb, the the situation is different. We
can estimate the influence of the Coulomb interaction by
comparing the bare Coulomb interaction |q|a2i with the
one-loop contribution to the gauge self-energy, which is
of order ωq a
2 ∼ a2 (ignoring powers of lnN). The bare
5action is of order 1/N compared the term generated by
the fermion loop. This means the results will be modified
to order 1/N . The result (35) remains valid at leading
order in 1/N but one expects corrections to first order in
1/N .
Conclusions.—In this paper we have shown that the
projected structure factor can be computed reliably for
states on Jain’s sequences near ν = 1/2, and the result
depends on the kinematic structure of the Fermi surface
of the composite fermion rather than detailed knowledge
of the Hamiltonian. As the result, even when composite
fermions at ν = 1/2 form a non-Fermi liquid, we can still
compute s¯(q) reliably, although in a regime of momentum
which shrinks to zero as the filling factor approaches 1/2.
It would be interesting to see if the algebraic method used
here is useful in a wider range of problems related to the
non-Fermi liquid.
The result (35) is amenable to numerical verification.
One should keep in mind that in the more directly
measurable unprojected static structure factor s(q) =
1 − e−q2/2 + s¯(q), the contribution from the projected
structure factor s¯(q) is subdominant in 1/N . Recent nu-
merical data [37] are consistent with Eq. (35) at small z,
but also (and even a bit better) with a truncation of s¯(q)
to the sum of the q4 and q6 terms. It may be that larger
N is needed to clearly see the presence of a q8 terms in
s¯(q).
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